Lecture: Dynamical models of mechanical and thermal systems
1. Mechanical system
The basic mechanical elements include:
· Mass m in free motion 
· Spring
· Mass m in damped motion

a) Mass m in free planar motion
Newton equation in this case involve the force F , speed v and is defined in the form



Which corresponds to the capacitor equation 
Let us associate this mechanical element with electrical capacitor C=m  by assuming
Force F -> current i
Speed v -> voltage v
Mass m -> capacitance C

b) Mass m in free rotational motion
Newton equation in this case involve the torque M , angular speed ω and is defined in the form


Let us associate this mechanical element also  with electrical capacitor C=J  by assuming
Torque M -> current i
Angular speed  ω -> voltage v
Moment of inertia J -> capacitance C

c) Spring (squeezed or stretched)
Spring is fixed to solid part on one side and is subject to squeeze or stretch on the other side. The free end of spring  is moving with the speed v.  Newton equation in this case involve the force F , speed v and is defined in the form



Which corresponds to the inductor equation .
Let us associate this mechanical element with inductor L=K by assuming
Force F -> current i
Speed v -> voltage v
Susceptibility coefficient K -> inductance L

d) Torsion spring (sprężyna skręcana)
One point of spring is fixed and the second is subject torsion The free end of spring  is moving with the angular speed ω.  Newton equation in this case involve the torque M , angular speed ω and is defined in the form


Let us associate this mechanical element with inductor L=K by assuming
Torque M -> current i
Angular speed  ω -> voltage v
Susceptibility coefficient K -> inductance L

e) Mass m in damped planar motion
Newton equation in this case involve the force F , speed v and is defined in the form



Which corresponds to the resistor equation 
Let us associate this mechanical element with electrical resistor of conductance G=D by assuming
Force F -> current i
Speed v -> voltage v
Coefficient of damping D -> conductance G

f) Mass m in damped rotational motion
Newton equation in this case involve the torque M , angular speed ω and is defined in the form


Let us associate this mechanical element also  with electrical resistor of conductance G=D  by assuming
Torque M -> current i
Angular speed  ω -> voltage v
Coefficient of damping D -> conductance G

Example
Consider mechanical system of trolley of mass m, spring K (Fig. 1) dragged with the force F. It is moved with speed vm. Describe it by state space equations.
[image: ]
Fig. 1 Mechanical system in example (a) and its electrical model (b).

The electrical equivalent of this mechanical system is presented in Fig. b, where Fx represent the current of inductor L=K and vm the voltage on capacitor C=m. This electrical circuit is described by state space equations in the form 


Taking into account that  vm represents the speed of trolley and spring end (the same value), Fx – force of the moving end of the spring  and F(x) the external force, we transform the last equation into the form.


The normal state space form of this equation is as follows



2. Thermal static elements
Thermal processes are special processes which are described by temperature and heat flow or heat storage. Thermal effects include conduction, convection, radiation and thermal energy storage .In analogue to electrical systems, we can define the corresponding characteristic parameters. The temperature is equivalent to voltage in electrical circuit. Flow of heat corresponds to flow of current. Thermal resistance corresponds to resistance in electrical circuit. The main difference is that thermal circuit models thermal quantities which are usually non-linear, with variable coefficients and distributed parameters.
Heat flow direction is from higher temperature to th elower one as shown in  Fig. 2
[image: ]
Fig. 2 Direction of heat transfer
2.1 Thermal conduction
Thermal element can be characterized by the thermal resistance, defined similarly as electrical resistance, i.e., the ratio of temperature difference and the heat flow Q. 
Q = (𝑇1−𝑇2)/ R
where T1 is the higher temperature and T2 is the lower one. 
Based on equivalence of thermal and electrical resistance, the thermal resistance (R) is directly proportional to the length (L), and inversely proportional to both thermal conductivity coefficient (K) and cross-sectional area (A), i.e


2.2 Thermal convection
Thermal convection is the  process of heat transfer between a surface of a solid material and either liquid or gaseous environment that is exposed to the solid surface. The fluid of temperature T1 in the proximity of the surface is able to move to another position and the previous one is replaced with fresh fluid of other temperature. This process can reoccur many times leading finally to convection.
Let us assume that the surface temperature of a solid material is Ts. On the other side, the temperature of the free-stream fluid, which is quite a distance from the solid object is denoted as T∞ (considered constant). Consequently, the overall effect is that heat is capable of transferring from a certain surface temperature (Ts), to some distant fluid temperature T∞. According to Newton’s law of heat transfer is described by 
𝑄=ℎ𝐴(𝑇𝑠−𝑇∞)
where h is convection coefficient and A is the cross area of the object. It means, that the convection resistance is described now by


Convection coefficient is a function of both the fluid velocity passing across the surface, and the velocity profiles near the surface. Regarding the velocity profiles, it naturally depends upon the fluid’s viscosity, the geometrical dimensions of the configuration, and also the fluid’s velocity.

2.3Thermal radiation
Unlike conduction and convection, thermal radiation does not need a medium like fluid or solid to transfer heat. Thus, thermal radiation occurs also in vacuum. Stephen Boltzmann law states that the black body’s radiation energy is proportional to the fourth power of the absolute temperature and is expressed as:
𝑄=σ A 𝑇4
where 
Q : heat transfer per unit time (W) 
σ: The Stefan Boltzmann constant measured in [W 𝑚2 𝑇4 ] 
T: absolute temperature in Kelvin scale K 
A: Surface Area (A)

2.4 Example of heat flow in plane wall
Let us now consider one directional heat transfer with temperature changing in x-axis only. Figure 3 below shows a plane wall as a barrier between two different temperature liquids. To begin with, we can see that heat transfer involves two process convections where it goes from the hot liquid to the surface of the wall and then by conduction going into and out of the wall and again by convection when getting out of the surface to the cold liquid. 

[image: ]

Fig. 3 Heat flow in a plane wall and its equivalent electrical circuit scheme

3. Thermal dynamic systems
Thermal systems possess the ability to store heat. In such case we should define the so called heat capacity C. In such case the element is equivalent to capacitor of the capacitance C. The heat capacity depends on the mass m of the object and its specific heat capacity Cp. the total heat capacity of the object is then defined as follows 
𝐶=𝐶𝑝 𝑚
Table 1 Specific heat coefficients for different materials
[image: ]
Water is good medium to store heat energy. Wood and paper belong also to good candidates for preserving heat. If the heat capacity of material is high with respect to the conduction, we observe the dynamic state of material lasting long time. The heat flow Q is then defined by 


where T represents temperature changing with time. 
In general, the heat transfer in transient is represented mathematically by partial differential equations. In practice, it is possible to approximate partial differential equation by the set of ordinary differential equations which results by lumping the properties of thermal resistance and thermal capacitance at singular points in space. As in the case of static solution of the diffusion equation, we may build lumped capacitance model combined with conduction and convection resistances. Such approximation is possible for material, for which the Biot coefficient NB, defined as


takes very small value (usually we require NB < 0.1). In this relation Rcond represents the conduction and Rcond the convection.
In case we have NB< 0.1 the resistance will be very low in the solid material compared to convection of surrounding environment and the temperature of the body may be assumed as constant. The body represents now the capacitor of heat constant temperature Tc. The surrounding is represented now by the resistances of the convection of inner Ti and outer To temperatures changing according to convection process. The temperatures at boundary points are denoted by Ti∞ and To∞ (treated as the sources). The model of such system is represented in Figure 4.
[image: ]
Fig. 4 Electrical model of simple  thermal process

Modelling the process of thermal dynamic system in general case does not satisfy Biot condition. Therefore, such system should be decomposed into many layers, each satisfying Biot condition and modelled by circuit with lumped capacitance and resistance elements. How accurate the results are, depends on how many layers are applied. Division into several nodes reduces the Biot coefficient value of the layer and makes results more realistic. Figure 5  illustrates the division of the solid state body and the distribution of temperature levels inside of it. It was assumed high convection from both sides of the solid body. In such case the temperature outside is constant irrespective from the distance of the body.
[image: ]
Fig. 5 Division of solid body to satisfy Biot condition

In such case the electrical  model of this thermal system may be presented as follows (Fig. 6).
[image: ]
Fig. 6 The electrical model of the multilayer structure of Fig. 5

Its description by using the differential set of equations is as follows
[image: ]
Its state space normal form is as follows
[image: ]
Its simulation is very easy using for example Simulink in Matlab.
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