Lecture: Dynamic models of electrical elements
1. Dynamic models of electrical RLC elements in the circuits
Electrical systems are composed of resistors, capacitors, inductors, controlled sources and independent sources. Their description in dynamic mode requires the use of differential equations. The most general is the state space form, which can be easily formed using their Kirchhoff’s laws.
	uR=RiR


	


	




The general form of description of nonlinear circuit is given in the form

	
In the case of linear circuit this description  is given by 2 matrix equations

		

		
Vector x represents the state variables (the minimum number of elements in circuit allowing to find the responses of all other elements in circuit of vector y). State variables must be continuous in time. Therefore, only capacitors and inductor can be state variable, since for them the commutation laws of continuity are defined. 
· Capacitor:

		
In the case of single capacitor of constant capacitance value, for which  qC=CuC, this law is simplified to 

		(8.2)
· Inductor

		(8.3)

In the case of single inductor of constant inductance value, for which  this law is simplified to 

	


As an example consider the nonlinear circuit shown in Fig. 1, where R1=100Ω, R2=0.3Ω,  e(t)=1000V and nonlinear elements , .
	[image: ]
Fig. 1 Circuit structure in example

From definition of elements we have
[bookmark: _GoBack][image: ]
Taking into account that
 [image: ]
We get finally the state description of this nonlinear circuit in the form
[image: ]
The next example is presenting dynamic description of linear circuit of the harmonic generator shown in Fig. 2. Operational amplifier is taken as ideal.
[image: ]
Fig. 2 Circuit structure of linear generator

Its description follows from the following  Kirchhoff’s laws 
[image: ]
Hence the normal form of state description of this generator is as follows
[image: ]
The output equation is defined as follows


The analysis of the state matrix A allows to find the harmonic generation conditions. They require the poles to be located on imaginary axis in complex plane. Final conditions needed to generate harmonic signals are given in the form


In the case when only input-output relations are needed for linear system we can use also its transfer function description, which is defined at zero initial conditions in the form


Where Y(s) is the Laplace transformation of the output signal and X(s) – Laplace transformation of input signal. Both descriptions can be converted to each other. In this way we can operate also in complex frequency s space.

2. Dynamic model of diode
At very high frequencies the static dynamical model of junction diode 


should be supplemented by two capacitors: Cj – junction capacitance and Cd – diffusion capacitance, and resistance Rs of the terminals of diode as shown in Fig. 3.
[image: ]
Fig. 3 Dynamic model of junction diode

Typical values for signal diode: Rs<100Ω, Cj=4pF, Cd=40pf, Is=10-15A.
Assuming excitation voltage u=ud between terminals A-K we get the following dynamic description of this model


From which we get the state space description in normal form



3. Dynamic model of transistors
Similarly to the diode dynamical model we can build for transistors. The typical static Ebers-Moll model of junction transistor supplemented by capacitances is presented in Fig. 4.
[image: ]
Fig. 4 Dynamic Ebers-Moll model of bipolar transistor

The parameters of elements of the model:
REE – resistance of emitter 0<REE<10Ω
RCC – resistance of collector 0<RCC<10Ω
RBB – resistance of base 0<RBB<100Ω
RE – leakage resistance of emitter-base junction  REE>1MΩ
RC – – leakage resistance of collector-base junction  REE>1MΩ
Typical values of controlled sources coefficients: αn=(0.99-0.999), αi=0.5.

4. Dynamic macromodel of operational amplifier
Operational amplifier (op-amp) is a basic electronic elements, which is very often used in different electrical devices. Its static model is very simple and presented in Fig. 5.
[image: ]
Fig. 5 Static model of op-amp
This model is acceptable in low frequency range. However, at very high frequencies it is not accurate and should be supplemented by reactive elements, additional resistors and controlled source, adjusted in a proper way. Typical dynamic macromodel of op-amp is presented in Fig. 6.
[image: ]
Fig. 6 Dynamic model of op-amp

The nonlinear element included at the output of model is responsible for limited value of output voltage (this voltage should be never higher than the supply voltage). The RC elements in the middle of model simulate the finite value of slew rate of signals. The complex input module represents difference of input impedances for common mode and differential mode of operation and their dependence on frequency.
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