Lecture: Description of discrete dynamic systems
Discrete dynamic systems assumes that any information of system is available only at the discretization point. Lest us assume the discretization period T. It means that now the time is available in discrete points t=nT and all information of the system is available only in these discrete points.
The general description of the discrete nonstationary nonlinear system is assumed in the normal form as follows


In the case of stationary system the discrete variable n does not appear in the description.
Linear stationary system description in normal form is defined similarly as in analog system


Instead of differential equations we deal now with the difference equations operating in discrete time space, defined by n and discrete time t=nT.
The discrete time system can be graphically presented as following
[image: Rys8_2]
Fig. 4 The discrete time system presentation

The time solution of discrete system can be written in the general form for k=1, 2, 3....

	
Similarly to the analog system we can define also the transfer function H(z), where z represents the complex value (the complex variable in the called Z-transform) and can be interpreted in time as the unity advance operator, i.e., x(n+1) represents in z-domain zX(z) and x(n-1) represents in the z-domain operation z-1X(z). The variable  z-1 represents now the unity delay operation in time.
 The discrete system is in general described by the difference equations in the form

	(6.4)
Introducing the operator z-1 we can transform it to the following form

			(6.5)
Hence, the transfer function H(z)  defined as

										(6.6)
takes the form

	
Multiplying it by zN (N>M) we can present it also as the function of the advance operator z.


Transformation from state space to transfer function form is similar to the analog system assuming the transfer function H(z) described by the advance operator z (positive powers of z).
Example 1
Transform difference description of system to the transfer function H(s)
[image: ]
Let us introduce notations
[image: ]
After substituting them into original description we get
[image: ]
The system described by this form of H(z) is called Infinite Impulse Response (IIR) filter.
	Transfer function H(z)can be presented in the zero-pole form, where zeros are the roots of numerator and poles pk the roots of denominator


In the case when all poles are different the impulse response h(n) is defined in the form


It is evident, that the discrete system stability requires the positions of all poles pk placed in the circle of unity radius or directly on the circle. If any poles is outside the unity circle the discrete system is not stable.

	In the case when kth pole is multiple with multiplicity l in the expansion of H(z) we get additional term  . The impulse response term corresponding to it takes the form

						(6.33)
In the case of l=2 we have


and 


The problem of stability arrives now at the position of such pole on the unity circle, At n tending to infinity the impulse response term also goes to infinity, hence, the system is unstable. It is evident that unity circle represents the border of stability. The relation between stability and position of poles of discrete systems is illustrated on Fig. 1.
[image: Rys6_6]
Fig. 1 Illustration of stability of discrete system at different positions of poles.
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