Lecture: Dynamic Models of Epidemy

1. Fundamental notions of epidemic process
The real nature of the epidemics is purely stochastic with infection treated as an element of chance. These models takes the following assumptions
·  Susceptibles, the individuals who are susceptible to infection, 
·  Infectious, who are capable of spreading the disease, 
· Recovering, who are treated as immune to infection in further period of analysis. 
· All susceptibles are equal at risk of infection 
· Susceptible individuals contract the disease only by getting in contact with the infected. 
· Cured individuals are usually immune to infection. 
· The time constants of the disease spreading depends on the nature of epidemic.

2. Simple dynamic model 
In the simplest dynamic model we assume the existence of only three classes of individuals:
susceptible,  
infectious,
recovering.
1. The starting population is formed by n healthy, but susceptible. It might be increased by immigration. 
2. The assumed immigrant population is equal m, from which αm represents the healthy part and the remaining 
(1-α)m represents infected.
3. The disease is spread through the contact of the susceptible individual and the infective with the transmission rate c. 
4. The individuals who contracted the disease and recovered are immune to infection in further stages of process.
5. The infection rate c is related to the average time constant of the disease and is also known. 
6. The recovery rate ν is related to the average time constant of recovery. All of them will be calculated per week. 
7. The population m of the immigrants to the considered region of the country will be also referred to the week. 
Assume
 x1 the number of susceptible,
 x2 the number of infected 
 x3 the number of immune individuals.
Taking into account the given above assumptions we can write the following system of differential equations describing the process of epidemic spreading

	
	




The typical values of the coefficients related to smallpox taken into account in our experiments were: α=0.9, ν=0.15, transmission parameter c=2.25E-8. The Simulink [5] implementation model of these equations is presented in Fig. 1.

[image: fig1]
Fig. 1 Simulink model of the epidemic described by eq. (1)

Fig. 2 illustrates the numerical results of simulation at three different initial conditions of infected: x2(0)=100, x2(0)=1000, x2(0)=10000 and m=2500 individuals per week at the initial population n of susceptible x1(0)=10 000 000. 
[image: fig2]
Fig. 2 The change of the population of susceptible, infected and recovered as a function of time


3. Complex dynamic model 
In the epidemic processes we can observe more complex mechanisms.
· Disease may not appear at a time host is infected. Hence the incubation period should be also included in the model. 
· The host infected with pathogen is infectious after a period of latency. 
· The infected host may experience immune period, but is  still a carrier and capable of transmitting disease to others.
· The infectious period is a duration of time within which the host is able to transmit the disease to other individuals. 
· Some infected may be also isolated from the population (quarantine). 
· If vaccine exists, the individuals receiving the vaccine pass automatically from susceptible to recovered individuals. 
In more complex model of epidemics we have made the following assumptions.
1. Initial population consists entirely of susceptible individuals, who may contract the disease through contact with sick as in the simplest epidemic model.
2. The infection may be introduced by immigration from outside, a fraction of which is sick.
3. Outbreak of epidemic disease is recognized after a specific period of time immediately followed by a cassation of immigration. 
4. After recognizing existence of epidemic, part of  the susceptible individuals is inoculated with a vaccine making them immune to this particular disease.
5. Starting at the time inoculation begins, a portion of sick or become sick later are separated from the general population by quarantine. 
6. Sick individuals either recover and become immune to the disease, or die.
As a result of these assumptions the following classes of individuals have been introduced:
x1=x1(t) – population of susceptible individuals at time t
x2=x2(t) – population of infected individuals at time t
x3=x3(t) – population of immune individuals at time t
x4=x4(t) – population of diseased individuals at time t
x5=x5(t) – number of sick individuals quarantined from the whole population at time t
s=s(t)   –  the total number of infected individuals
m – rate of immigration at time t
n –  rate of inoculations of susceptibles at time t
The following system of differential equation of the model:

	
	




a23 represents the ratio of the population of infected people becoming immune, 
a24 – the ratio of infected who are sick, 
a25 the quarantine ratio among infected, 
a53 the immune ratio among quarantined, 
a54 the ratio of sick people among the quarantined.
The Simulink diagram implementing the above system of differential equations is presented in Fig. 3. In the numerical experiments we have assumed the typical data corresponding to the smallpox [4].
[image: fig5]
Fig. 3 The Simulink diagram implementing the complex model of epidemic described by eq. (2)

The values of model parameters were as follows [8]: 
a23=0.1 per week, 
a24=0.003 per week, 
a25=0.05 per week, 
a53=0.1 per week, 
a54=0.003 per week, 
α=0.9, 
c=2.25E-8 per people/week. 
The following initial values of the investigated variables have been assumed in the simulations: 
x1(0)=10 000 000, x2(0)=100, 1000 and 10000, x3(0)=0, x4(0)=0, x5(0)=0. 
The population of the immigration per week, taken in experiments was equal 2500 people. 
Few cases are investigated: 
no inoculation, n(0)=0 and n(0)= 5000, 10000 and 15000 inoculations per week, starting after a period of t0 (in experiment this period was equal 8 weeks). 
Fig. 4 presents the time changes of 6 mentioned classes of populations at three initial conditions of x2(0) when no inoculations have been introduced

	[image: fig6]
	x1=x1(t) – population of susceptible individuals at time t
x2=x2(t) – population of infected individuals at time t
x3=x3(t) – population of immune individuals at time t
x4=x4(t) – population of diseased individuals at time t
x5=x5(t) – number of sick individuals quarantined from the whole population at time t
s=s(t)   –  the total number of infected individuals





Fig. 4 The process of spreading the epidemic at different initial population of infected and no inoculations

In the next step the influence of the inoculations has been investigated and the corresponding curves presenting the process of spreading the epidemic as a function of inoculations are studied. Fig. 5 depicts the results corresponding to different rates of inoculations per week: n(0)=0, 1000, 10000 and 15000 and for constant initial population of infected equal 1000. 
The peak number of sick people has been reduced more than twice after introducing the limited inoculations (15 000 per week) in the population of 10 000 000. 
	[image: fig7]
	x1=x1(t) – population of susceptible individuals at time t
x2=x2(t) – population of infected individuals at time t
x3=x3(t) – population of immune individuals at time t
x4=x4(t) – population of diseased individuals at time t
x5=x5(t) – number of sick individuals quarantined from the whole population at time t
s=s(t)   –  the total number of infected individuals
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Fig. 5 The process of spreading the epidemic at different initial number of infected and different number of inoculations per week n(0)=0, 5000, 10000 and 15000
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