Lecture: Sugar and insulin + population
1. Dynamic model of sugar and insulin in blood
The level of sugar (glucose)  and insulin changes  (called also insulin secretion and glucose metabolism), should be controlled for people suffering from diabetes. Glucose is given usually in mg/dL and insulin is given in pmol/L.  In healthy people hormone insulin in steady state is zero. In the case of need it is produced by pancreas. Sugar level is normally on certain steady level. It is increased after consumed food or in some cases (if needed) produced by liver. The dynamic model of physiological process of changes sugar and insulin is built on the basis of observation.
Generally
1. Sugar is diffused through the digestive system to the blood from the consumed food. This diffusion will be modelled by the equation (t0 – time of food consumption, τ1 – time constant)


2. If the level of sugar drops below some threshold M1 the sugar is automatically produced by the liver (typical value M1<100[mg/dl])
3. The insulin is automatically produced by pancreas when the sugar is above some threshold level M1
4. The presence of insulin in blood is reduced automatically and this reduction is proportional to the level of insulin 
5. In the case of injection of insulin to the body (people suffering from diabetes) we assume that insulin is diffused to the blood in an exponential way (similar to the food) and is described by


6. In normal starting condition (for example after the night)  the level of sugar is assumed to be M1 and zero insulin for healthy people
Let us denote
x1 – sugar (glucose)
x2 – insulin

The changes of sugar may be described by the following differential equations


Changes of insulin are described by


The coefficients ai and bi take constant values for particular type of people (healthy,  ill). 
Assuming

 
We can reduce 4 state equations to only 2


In experiments we take the typical values:
· healthy people
a1=0.05[cm3/h mg], a2=1 [1/h], a3=0.5 [1/h], a4=2 [1/h]
· ill (diabetes) people
a1=0.05[cm3/h mg], a2=1 [1/h], a3< 0.01 [1/h], a4=2 [1/h]
In both cases we assume b1=b2=1 [1/h]

Simulink model of these equations is shown in Fig. 1
[image: ]
Fig. 1 Simulink dynamic model of sugar-insulin transient changes 

Fig. 2 shows the typical curves for healthy people
[image: ]
Fig. 2 Changes of glucose and insulin in healthy people

Fig. 3 shows the typical curves for people suffering from diabetes (without  injection of insulin)
[image: ]
Fig. 3 Changes of glucose and insulin in ill  people

Fig. 4 shows the typical curves for people suffering from diabetes after  injection of insulin
[image: ]
Fig. 4 Transient of glucose and insulin for people suffering from diabetes after  injection of insulin at t=0.

2. Dynamic model of population changes
Let us consider the population of some species. It is understood as a group of living organisms consisting of similar individuals capable of exchanging genes or interbreeding. Let us denote its population by x and the growth rate by r. Then in the case of separated group without any limitations, the dynamic of its grow is described by the differential equation


Its solution is given by 


Assuming some upper limit K of possible grow of population following from limited resources (without competing with other group) we can modify the growth rate to the form


In such case the differential equation will take the form of Verhulst equation

	
When two groups in the same region compete for the resources (food, water, place to live, etc.) the equations describing both groups can be presented in the form

	
where a1 and a2 represent the influence rate of one group on the other one.
Simulink model of these equations is presented in Fig. 5.
[image: ]
Fig. 5 Simulink model of population

The figures below show the changes of 2 interacting populations at different values of parameters and initial populations.
[image: ]
Fig. 6 Changes of 2 populations at a1=a2=0 
[image: ]
Fig. 6 Changes of 2 populations at a1=a2=10-7, the same initial conditions and different r 

[image: ]
Fig. 7 Changes of 2 populations at a1=a2=10-7, different initial conditions and the same r 
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